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Introductmn

UNKINS and Turnerl have treated the general problem of

opt1mal large—angle attitude maneuvers of rigid spacecraft
by proposmg an’integral- performance index which involves
the control torques: The singularity-free f_ormulanon
utilizing Euler .parameter attitude representation, admits
smooth external torques. Closed-form solutions were ob-
tained for special cases of sirigle-axis maneuvers, and the
more general three-axis. maneuvers (solutions of nonlinear
two-pdint byoundary-value problems) . were computed
numerically by a differential correction scheme in conjunction
w1th a continuation method. Central to this algorithm is the
rhiflimization of the norm of the Euler parameter costates.

In this Note, we show that is is not necessary to rigorously
mipimize the above norm, because the same solution can be
obtained more efficiently by constraining the Euler parameter
costate vector to be orthogonal to the Euler parameter vector.
Furthermore, a novel physical/geometrical interpretation of
the Euler parameter coétates is demonstrated.

Spacecraft Kinematics and Dynamics
Onentatlon and Rotational Kinematics

The orientation of an arbitrary body-fixed frame {5} with
respect to an arbitrary inertial frame {7} is given by

{B)=1[C1{A) 1
Although the direction cosine matrix [C] is commonly
parameterized in terms of a set of three Euler angles, it is

advantageous® to use the set of four Euler parameters
(Bo:B,,8,,8;) instead. Then

[C1=[C(B)]=
" B3+63— B3 — B
2(B,8:—BoBs)
28,85 +BoB)

2(B;18; +By8;3)
B5—83+83—853
2(B28;—BoB1)

2(8,85 = BoB2)

208,85 +B848:)

B5—B3 — B3 +63
@
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The Euler parameters have a geometrical interpretation in
terms of Euler’s theorem, which states that a completely
general rotation of a rigid body can be ‘accomplished by a
single rotation (through the principal angle ¢,,) about a line
(the principal line £,,) which is fixed relative to both the
arbitrary body-fixed axes and the inertial reference frame.
The Euler parameters are related to the direction cosines
(Gnp1s bupzs bups) Of £yp and ¢, by

§0=cos(¢"b/2)
Bi="lup,sin(&yp/2), i=1,23 3)

Thus the Euler parameters are once-redundant due to the
constraint

3
Yy =1 @
i=0 -

The Euler parameter differential equations can be written? as

B=[G(w)18 ®

where w; (1—1 23) are {h} components of the angular
velocity of { 5} with respect to {7}, and

0 — Wy — Wy — W3
1 w; 0 w3 —w,
[G(w)] =+
2 Wy —w3 0 w;
w3 w3 —wy 0
Notice that
[G] =~[G]T (6)
Spacecraft Dynamics

Euler’s equations for the rotational motion of a rigid
spacecraft in a body-fixed principal axis system are as
follows:

(J..’] = 0wyl +u1/11
Gy = — oy 03+ Uy /1
cb3=—a3w3w1w2+u3/l3 (7)

where I,, I,, and I; are the spacecraft‘ principal inertias; u,,
uy, and u; are {b} components of the control torque; and
a1=(13_12)/11, a2=(11_13)_/12, anda3=~(12_11)/13.

Optimal Maneuvers v
The states of the spacecraft modeled above are 8, 8;, 8;,
B3, w;, w,, and w;. Maneuvers are performed to transfer the
spacecraft from an initial state to a prescribed final state at
time 7T, using external control torques u,, u,, and u;. The
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performance index selected is

3

J=§ SOT[ Y w0 Jar ®)

i=1

The necessary conditions for optimality are derived via the
Pontryagin principle.* The Hamiltonian, H for the system is
written as

1 .
H=> Y W +yTB+ATo )

i=1

where v; and \; are the Lagrange multipliers or costate
variables.

State equations:
B=[G(w)]1B (10)
Q)= —oyww3—N /1
&2=—a2w,w3—>\2/15
O3 = —ozw,0,— N/ 13 (11)
Costate equations:
¥=[G(w) ]y 12)
0 o3y AN, Wy
A=| ashs 0 ag\ ®;
N, oyl 0 W3

B B —B; 8; Yo

+- 1 B B; -8 B Vi (13)
83 -B; B; —B Y2
V3

Boundary conditions at the initial and final times are specified
on B(t) and w(z).

Properties of the State and Costate
Differential Equations

Note the following three integrals of the state and costate
differential equations

I BT(1)B(1) =1 (14)

which is well known and follows from the definition of the
Euler parameters [Eq. (3)].

II. YT (t)y(t) =const=B? (15)
as y(#) satisfies a norm-preserving skew-symmetric dif-
ferential equation (12) similar to Eq. (10). Hence the v;, if

normalized by B, represent Euler parameters describing the
body orientation with respect to some other inertial frame.

III. BT (t)y(¢) =const=C (16)
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This can be shown by differentiating 87 (¢)y(¢), to obtain

d .
a[ﬁT(t)y(t)]=6T(t)v(t)+6f(t)~‘y(t) an

Eliminating 87 and 4 (¢) via Eqgs. (10) and (12) results in
d )
a[5T(l)7(t)]=I3T[GT]‘Y+6T[G]7 (18)

Using Eq. (7) in Eq. (21) we obtain

d ,
d—t[ﬂT(l‘)V(l)]=}3T[GT]‘Y+BT(—[GT])‘Y=0 (19)
and hence 87 () () =const = C.

Admissible Euler Parameter Costates

It has been shown'! that B, and hence v, are not unique, i.e.,
different y(¢) give rise to the same optimal control. It is
important to note, however, that although an infinite number
of nontrivial y4(0) could satisfy the necessary conditions for
optimality, they are not -totally arbitrary. As a simple
counterexample, let us consider vy (¢) =pB(¢), where p is an
arbitrary constant. Then '

I d
Zp—

. . 1 d
Ta_ —_ = — - =
v B-Pﬁrﬁ—z dt(ﬂrﬁ)—zp (1)=0

dr

Observe that this choice for y(¢) decouples the attitude and
dynamics in the Hamiltonian equation (9), and only the
angular velocity of the spacecraft can be controlled; arbitrary
terminal attitude specifications cannot be met. Hence, we
conclude,

v(1) ZpB(1) (20)

Since all of the admissible y(¢) produce the same control
u(t), which in turn is dictated by A(?), the differential
equations for A; (#) should be invariant with respect to y(z).
Since the problem at hand is nonlinear and a general
analytical solution does not exist, we cannot determine the
nature of y(¢) quantitatively without numerical solutions.
Hence, the gain qualitative insight into the problem, we
assume that an admissible numerical solution y(¢) has been
obtained. Let

Ya (8) =7y(28) +0y(¢) 1)

neighboring costate vector and &y(f) be an admissible
variation. To identify the nature of the admissible variations
we substitute Eq. (21) into Eq. (13) to obtain

‘ 131 _60 _133 62
62-‘ 63 —BO —61
B =B B —Bo

by (1) =0 @

An additional constraint is obtained by substituting Eq. (21)
into Eq. (16) as

BT (D [v() +é&y(1)]1=C, (23)
where C, is an arbitrary constant, depending on vy, (¢), or

BT (noy(1)y=C,—C (24
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Combining Eqgs. (22) and (24), we obtain

B —Bo —Bs B 0

B, B; —Bo —B by (1) = 0 )
B: =B B =B 0

Bo B B B3 C,~C

Since the coefficient matrix is orthogonal, the solution to the
above equations can be written as

oy (1) =(C,—C)B(t) =,B(t) (26)
where
o, =C,-C

Hence we have the family of admissible attitude costates given
by

Ya () =7(8) +0,8() @n

It is seen from Egs. (27) and (20) that 4 (¢) is never zero.

Of particular interest is the solution with v, (#) such that
ly Iy, I = B2, is a minimum,

In order to perform a minimization, we form the inner
product -

Y (D v, (D) =7T‘(t)v(t) +2a,yT8(1) +a

=B?+20,C+o? = (28)

Since «, is the parameter in Eq. (28), it is edsy to see by
differentiation that «,, corresponding to the minimum norm
solution is given by

Q== 29

and, correspondingly, the inner product Y. is given by
B =} ()ym (1) =B =2C? + C?* =B - C? (30)

For the minimum norm solution

B =B, ~C;

or
Cpr=BTymn=0 31

' The algorithm of Junkins and and Turner' can be simplified
if the constraint equation (31) is used instead of rigorous
minimization of y7v.

Conclusions

It has been shown that imposing an orthogonality con-
straint between the FEuler parameter veétor and the
corresponding costate vector is equivalent to minimizing the
norm of the Euler parameter costate vector. The normalized
Euler parameter costates are shown to be Euler parameters,
describing the body orientation with respect to a different
inertial frame.
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The results presented are purely kinematic. They hold for
optimal maneuvers for which motion of the reference body
axis, with respect to an inertial frame, is decribed by Euler
parameters, including certain cases of -flexible bodies,
multiple rigid bodies, etc. The results neither depend on the
form of Euler’s equations nor on the performance index, as
long as the Euler parameters do not appear in them.
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Nomenclature

gy = constants of the approximating

polynomial (in time) in conventional
. Adams methoda .

CO’CI’CZ’C3’C4’

C;,Cs,Cy, = constants of approximating function in
EFAM

DPE =drift probable error, equal to 0.6745 of
the standard deviation in drift

K, K,,K;3,K, =complex constants representing the

initial magnitude and orientation of the
nutation, precession, trim, and yaw of
repose vectors in the complex angle-of-
atack plane for a nonrolling coordinate
system
X;,%,,%;,X, =complex constants representing the

"~ initial magnitude and orientation of the
nutation, precession, trim angle, and
yaw of repose vectors in the complex
angle-of-attack plane for a body-fixed
coordinate system
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